Abstract-This paper addresses the optimization and stabilization problems of nonlinear systems subject to parameter uncertainties. The methodology is based on a fuzzy logic approach and an improved genetic algorithm (GA). The TSK fuzzy plant model is employed to describe the dynamics of the uncertain nonlinear plant. A fuzzy controller is then obtained to close the feedback loop. The stability conditions are derived. The feedback gains of the fuzzy controller and the solution for meeting the stability conditions are determined using the improved GA. In order to obtain the optimal fuzzy controller, the membership functions are further tuned by minimizing a defined fitness function using the improved GA. An application example on stabilizing a two-link robot arm will be given.
I. INTRODUCTION

F
UZZY CONTROL is one of the useful control techniques for uncertain and ill-defined nonlinear systems. Control actions of a fuzzy controller are described by some linguistic rules. This property makes the control algorithm easy to understand. Heuristic fuzzy controllers incorporate the experience or knowledge into rules, which are fine tuned based on trial and error. In order to have a systematic tuning procedure, a fuzzy controller implemented by a neural network was proposed in [6] . A genetic algorithm (GA) is a powerful searching algorithm [5] . It has been applied to fuzzy systems to generate the membership functions and/or the rule sets [13] , [14] . These methodologies make the design simple; however, they do not guarantee the system stability and robustness.
In order to investigate the system stability, the TSK fuzzy plant model approach was proposed [1] , [18] . A nonlinear system is modeled as a weighted sum of some simple subsystems. It gives a fixed structure that facilitates the system analysis to some nonlinear systems. There are two ways to obtain the fuzzy plant model: 1) by performing system identification based on the input-output data of the plant [1] and 2) by derivation from the mathematical model of the nonlinear plant. Stability of a fuzzy system formed by a fuzzy plant model and a fuzzy controller has been investigated recently. Different stability conditions have been obtained by employing Lyapunov stability theory [3] , [8] , [19] and other methods [11] , [15] , [16] . Most of the proposed fuzzy control laws are functions of the fuzzy plant model's membership functions, which must be known. It implies that the parameters of the nonlinear plant must be known, or be constant when the identification method is used to derive the fuzzy plant model. Practically, the parameters of many nonlinear plants will change during the operation, e.g., the load of a power system, the number of passengers on board a train. In these cases, the robustness property of the fuzzy controller is an important concern. Robustness analysis of fuzzy control systems can be found [7] , [9] - [12] , [15] , [16] . In most of these works, only a stability and robustness testing condition is provided. The system performance and the determination of the control parameters (e.g., gains and membership functions) are seldom discussed. In order to systematically obtain a fuzzy controller that guarantees the system stability [19] , robustness, optimality and good performance, a fuzzy controller derived from an improved GA [17] is proposed. The contributions of this paper are twofold: 1) stability conditions for fuzzy control systems subject to parameter uncertainties are derived and 2) based on the derived stability conditions, the parameters of the fuzzy controller are obtained using an improved GA [17] . The membership functions of the fuzzy controller are also obtained automatically using the improved GA to achieve the optimal system performance. Both stability and performance are of concern. This paper is organized as follows. The fuzzy plant model and fuzzy controller are presented in Section II. The fuzzy control system subject to parameter uncertainties are analyzed in Section III. The stability conditions will be derived. The problems of solving the derived stability conditions, obtaining the feedback gains of the fuzzy controller, and optimizing the system performance using the improved GA are presented in Section IV. An application example on stabilizing a two-link robot arm using the proposed fuzzy controller will be presented. A conclusion will be drawn in Section V.
II. TSK FUZZY PLANT MODEL WITH PARAMETER UNCERTAINTIES AND FUZZY CONTROLLER
We consider a nonlinear plant subject to parameter uncertainties connected with a fuzzy controller in closed loop. In order to obtain the fuzzy controller, a TSK fuzzy plant model is employed to describe the dynamics of the nonlinear plant subject to parameter uncertainties. 
where is a fuzzy term of rule corresponding to the function containing the parameter uncertainties of the nonlinear plant, , , is a positive integer; and are known constant system and input matrices, respectively; is the system state vector and is the input vector. The inferred system is given by
is a nonlinear function of and is the membership function corresponding to . The value of is unknown as is related to parameter uncertainties of the nonlinear plant. A fuzzy controller will be obtained based on the TSK fuzzy plant model of (2).
B. Fuzzy Controller
A fuzzy controller with fuzzy rules is to be designed for the plant. The th rule of the fuzzy controller is of the following format:
Rule IF is and and in THEN (5) where is a fuzzy term of rule corresponding to the function , , , is a positive integer;
is the feedback gain of rule to be designed, is the reference input vector. The inferred output of the fuzzy controller is given by (6) (7) (8) is a nonlinear function of and is the membership function corresponding to to be designed.
C. Fuzzy Control System
In order to carry out the analysis, the closed-loop fuzzy system should be obtained. From (2) and (6), the fuzzy control system is given by (9) (10)
III. STABILITY ANALYSIS
In the following, the stability of the fuzzy control system of (9) subject to parameter uncertainties will be analyzed [15] , [16] . Consider the Taylor series (11) where is the error term and (12) From (9) and (11), writing as and as , and multiplying a transformation matrix of rank to both sides, we have
The reason for introducing will be given at the end of this section. Taking the norm on both sides of the above equation, (13) where denotes the norm for vectors and induced norm for matrices. From (13), we derive (14) , shown at the bottom of the page. From (12) and (14), (15) where (16) is the corresponding matrix measure [4] of the induced matrix norm of (or the logarithmic derivative of ); denotes the largest eigenvalue, and denotes the conjugate transpose. From (15), (17) Let satisfy the following inequalities: (18) where is a designed nonzero positive constant, and it can be proved that (17) implies a stable system of (9). Before conducting the proof, consider the following inequality obtained from (17) and (18): (19) where is an arbitrary initial time. Based on (19) , there are two cases to investigate the system behavior:
and . For the former case, it can be shown that if the condition of (18) is satisfied, the closed-loop system of (9) is exponentially stable, and as .
Since is a positive value, as , and (21) where and denote the maximum and minimum singular values of , respectively. As is symmetric positive definite ( has rank ), from (21), only when . For the latter case of , the closed-loop system of (9) is input-to-state stable, i.e., the system states are bounded if the condition of (18) is satisfied and is bounded.
Proof: For , from (19) ,
Since the right-hand side of (22) is finite if is bounded, the system states are also bounded. The stability conditions of the closed-loop fuzzy system can be summarized by the following lemma:
Lemma 1: The fuzzy control system, subject to parameter uncertainties, as given by (9) It should be noted that with the use of a suitable transformation matrix , any Hurwitz matrix having a positive or zero matrix measure can be transformed into another matrix having a negative matrix measure [see (18) ]. The stability conditions derived can then be applied. The problem left is how to find such a matrix for a given system. This will be discussed later. From the above derivation and Lemma 1, we also see the system stability is not affected by the membership functions of the fuzzy controller. Therefore, the membership functions of the fuzzy controller can be determined using a GA to obtain the optimal system performance.
IV. SOLVING THE STABILITY CONDITIONS, OBTAINING THE FEEDBACK GAINS, AND OPTIMIZING THE SYSTEM PERFORMANCE In this section, the problems of solving the stability conditions derived in the previous section, obtaining the feedback gains of the fuzzy controller, and optimizing the system performance will be tackled using the improved GA [17] proposed by the same authors. can be formulated into a minimization problem. The aim is to minimize the fitness function of (24) with and using the improved GA. As and are the variables of the fitness function of (24), they will be used to form the genes of the chromosomes. The finding of the solution to this minimization problem, however, does not imply that the conditions of (23) are satisfied. Hence, different , , , may need to be tried to weight the conditions of (23) in order to change the significance of different terms on the right hand side of (24). For instance, one of the terms in (24) is very positive, which returns a very large fitness value. Under this case, the conditions of (23) are not satisfied. A large value of corresponding to that term can be used to increase the tuning effect to that term in the fitness function. This may help the GA process to find a solution that satisfies the conditions of (23) during the minimizing process.
A. Solving the Stability Conditions and Obtaining the Feedback Gains
B. Optimizing the System Performance
After and have been determined, what follows is to determine the membership functions of the fuzzy controller using the improved GA such that the performance of the uncertain fuzzy control system is optimal subject to a defined performance index. The dynamics of the uncertain fuzzy control system is restated as follows: where and are constant semipositive or positive-definite matrices. This fitness function is the performance index used in the conventional optimal control [2] . The optimization problem formulated here will be handled by the improved GA. , , will be used to form the genes of the chromosomes for the GA process. As the fuzzy control system is an uncertain system, the nominal system parameters will be used for determining the membership functions of the fuzzy plant model. Hence, all in (25) are known. The procedure to obtain the fuzzy controller using the improved GA can be summarized into the following steps.
1) Obtain the mathematical model of the nonlinear plant subject to parameter uncertainties. Convert the mathematical model into the fuzzy plant model of (2). 2) Determine the number of rules for the fuzzy controller.
Solve and with the fitness function defined in (24) and , , using the improved GA. If and cannot be found, adjust accordingly.
3) Determine the membership functions of the fuzzy controller. Obtain the parameters of the membership functions using the improved GA to optimize the system performance with respect to the performance index of (26).
V. APPLICATION EXAMPLE
An application example will be given in this section. A multiple-input multiple-output (MIMO) two-link robot arm [12] shown in Fig. 1 is taken as the nonlinear plant. Referring to Fig. 1 , is the center of mass of link 1, is the center of mass of link 2, is the mass of the load; is the length of link 1, is the length of link 2; is the length from the joint of link 1 to its center of mass, is the length from the joint of link 2 to its center of mass; is the lengthwise centroidal inertia of link 1, is the lengthwise centroidal inertia of link 2;
and are the angles of the joints as shown in Fig. 1 . A fuzzy controller will be obtained to stabilize the two-link robot arm by following the procedure in the previous section.
1) The system dynamics of the two-link robot arm is governed by the following dynamical equations: (27) where , , , In order to regulate and of the two-link robot arm, a fuzzy controller with integral control will be employed. Therefore, the TSK fuzzy plant model of (31) has to be augmented to one with the following rules. A fuzzy controller will be found based on the TSK fuzzy plant model of (38).
2) A four-rule fuzzy controller will be found. The rules of the fuzzy controllers are as follows. where is defined in (8) with ; ; ; . , , and are the parameters governing the Gaussian membership functions. These four parameters will be tuned by the improved GA to optimize the system performance. From (28) and (40), the final fuzzy controller is defined as (41) To obtain the and , we choose the minimum and maximum values of each element of to be 1.5 and 1.5, respectively; the minimum and maximum values of each element of , 1, 2, 3, 4, are chosen to be 1500 and 1500, respectively. A fitness function is defined as fitness (42) where , , 2, 3, 4, 5, 6, 7, 8; , 2, 3, 4. and , , 2, 3, 4, are obtained automatically using the improved GA under the consideration of the system stability conditions of (23). The parameters of the improved GA [17] , namely the weight and the probability of acceptance are chosen to be 0.5 and 0.1 respectively. The population size and number of iterations are chosen to be 10 and 5000 respectively. The initial values of and , , 2, 3, 4, are randomly generated for the GA process. After applying the improved GA process, we obtain the equations shown at the bottom of the page. The stability analysis result is tabulated in Table I . It can be seen that the values of , , 2, 3, 4, 5, 6, 7, 8; , 2, 3, 4, are all negative. According to Lemma 1, the fuzzy control system is guaranteed to be stable.
3) The optimal performance of the fuzzy control system will be obtained by tuning the membership functions of the fuzzy controller. The tunable parameters of the membership functions are , , and . The parameters of and of the improved GA [17] are chosen to be 0.5 and 0.1 respectively. The population size and number of iterations are chosen to be 10 and 500, respectively. The initial values are , , and . The fitness function is chosen as follows:
where After the improved GA process, , , and . The fitness values before and after the GA process are 111 876.0098 and 104 424.5023, respectively. It is about 6.6605% improvement. Fig. 3 shows the membership functions of the fuzzy controller before and after the GA tuning. Fig. 4 shows the responses of the system states, with kg, and for and kg, and for , before (dotted line) and after (solid line) the GA process has tuned the membership functions under the initial condition of . Fig. 5 shows the control signals of the fuzzy controller before and after the tuning process.
It can be seen from the simulation results that the responses after optimization are better. In this paper, the derived stability conditions form the basis for designing a stable fuzzy controller. From the application example, it can be observed that finding of the feedback gains of the fuzzy controller is mainly for the system stability, which will not be affected by the fuzzy controller's membership functions. To improve the system performance, we can further tune the membership functions.
For comparison purposes, a linear state feedback controller designed based on the linearized model of (27) is employed. The linearized model of (27) around the origin with integral control and is as follows: derived for this class of uncertain fuzzy control system. An improved GA has been employed to help find the solution to the stability conditions and determine the feedback gains of the fuzzy controller. Moreover, the membership functions of the fuzzy controller can be tuned automatically for optimal system performance. An application example on stabilizing a two-link robot arm has been presented to illustrate the merits of the proposed fuzzy controller.
